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Abstract
The existence and mysterious nature of sterile neutrinos are revolutionizing physics
from the particle level to the cosmological scales. The recent results from the Mini-
BooNE experiment at Fermi-lab observed far more νe appearance than expected, which
have provided a hint about the possible existence of sterile neutrinos. The results, if
confirmed in future experiments, will have significant implications for cosmology and
astroparticle physics. This will require new neutrino mass models to accommodate
these additional degrees of freedom. In respect to that, the present work is just an ex-
tension of our recent work towards the CP phase analysis of Quark-lepton complemen-
tarity(QLC) model in a 3+1 scenario. The parametrization of CKM4 and PMNS4
using Monte Carlo Simulation is used to estimate the texture of non-trivial correla-
tion matrix (Vc4). As such, we have successfully investigated the constrained values
for sterile neutrino parameters, and also predicted the values for Dirac CP-Violation
phase and the CP re-phasing invariant (J). The results obtained are consistent with the
data available from various experiments, like NoνA, MINOS, SuperK and IceCube-
DeepCore. Furthermore, this analysis would be very important in view of growing
sterile neutrino experiments.
Keywords: Sterile Neutrino, CP-Violation, QLC
1 Introduction
The past several years in the history of neutrinos have provided us with the experimen-
tal confirmation of three-neutrino(electron, muon and tau neutrinos) oscillations. Various
other oscillation-like anomalous experimental results have lead us to the revelation of differ-
ent mysteries of neutrinos, but leaving behind some issues and interpretations that require
new physics beyond Standard Model(SM). During investigating global data fit results from
various experiments, so far we have got a picture which suggests that the UPMNS matrix
contains two large and a small mixing angles; i.e. the θPMNS23 ≈ 45◦, the θPMNS12 ≈ 34◦ and
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the θPMNS13 ≈ 9◦. These results when compared with the quark flavor mixing matrix i.e
UCKM parameters, which are the ones quite settled long ago with three mixing angles that
are small i.e. θCKM12 ≈ 13◦, θCKM23 ≈ 2.4◦ and θCKM13 ≈ 0.2◦, a certain disparity between quark
and lepton mixing angles has been noticed. Since the quarks and leptons are fundamental
constituents of matter and SM, the complementarity between the two is assumed to be as
a consequence of a symmetry at some high energy scale. This complementarity popularly
termed as ‘Quark-Lepton Complementarity’(QLC), that has been already explored by sev-
eral authors and the possible consequences have been widely investigated in the literature
[1–5]. In particular, a simple correspondence between the UPMNS and UCKM matrices have
been proposed and used by several authors [6–9], and analysed in terms of a correlation
matrix Vc [10–13]. One possible new physics interpretation mentioned earlier is about the
existence of the fourth generation of neutrinos i.e. light sterile neutrinos. Those are new
neutrino states which are assumed to have no weak interactions and masses of order 0.1 -
10 eV. There are bounds on the active-sterile mixing, but so far, there is no bound on the
number of sterile neutrinos and on their mass scales. Therefore, the existence of sterile neu-
trinos is investigated at different mass scales by various experiments; LSND, MiniBooNE,
MINOS, Daya Bay, IceCube etc. The strong indication of gauge coupling unification at high
scale helped us to put constraints on Dirac CP-Violation phase and CP-Violation re-phasing
invariant J .
Despite the various successful results from the solar, atmospheric, reactor and accelerator
neutrino experiments, there are experimental anomalies that cannot be explained within the
standard three-neutrino framework. In particular, the possible presence of sterile neutrinos
points towards the physics beyond Standard Model. So, after the successful results obtained
in our previous papers for three neutrinos, here we have tried to extend our model and
perform the analysis in the 3 + 1 scenario. The motivating factor that lead us towards the
extension of our model in 3+1 scenario was that the results obtained in our previous works
[10–14](and references therein), are quite consistent with the recent results from NoνA and
IceCube [15, 16], which gives us new ray of hopes in favour of our model and its stability.
In this investigation, the QLC constrained the values of Dirac CP-Violation phase φ and
the CP re-phasing invariant J . We have also predicted the values for two sterile neutrino
mixing angles i.e. θ24 and θ34.
The various parts of this work are organized as follows: in section (2), we describe in
brief the theoretical framework of the QLC model in 3 + 1 scenario. For the generation of
4× 4 Vc4 matrix standard parametrizations were taken for UCKM4 and UPMNS4 , everything
is discussed in section (2). In section (3) results are discussed and concluded through
various plots (contours, histograms, scatter..) depicting the behaviour of various neutrino
parameters. Finally, the conclusions are summarised in section (4).
2 Phenomenology of QLC Model in 3+1 scenario
As stated above, we observe a pattern of mixing angles of quarks and leptons and combine
them with the pursuit for unification i.e. symmetry at some high energy leads the concept
of quark-lepton complementarity i.e., QLC. A simple correspondence between the PMNS
and CKM matrices have been proposed and analyzed in terms of a correlation matrix Vc.
In our model, we proposed
Vc = UCKM · UPMNS → Vc = UCKM · ψ · UPMNS (1)
where Vc is the correlation matrix defined as a product of UPMNS and UCKM .
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For 3 + 1 scenario a light sterile neutrino is combined with the active neutrino. In that
case, we define ψ4 in place of ψ in equation (1). So that with ψ4 the equation takes the
form
Vc4 = UCKM4 · ψ4 · UPMNS4 (2)
Here the quantity ψ4 is a diagonal matrix ψ4 = diag(eιψi) and the four phases of ψi are set
as free parameters because they are not restricted by present experimental evidences. The
3 + 1 active-sterile mixing scheme is a perturbation of the standard three-neutrino mixing
in which the 3 × 3 unitary mixing matrix U is extended to a 4 × 4 unitary mixing matrix,
which leads to the generation of UPMNS4 lepton mixing matrix. However, the addition of
a fourth generation to the standard model leads to a 4 × 4 quark mixing matrix UCKM4 ,
which is an extension of the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing matrix in
the standard model.
2.1 CKM4 and PMNS4 formulation
In order to estimate the texture of Vc4 we have used the UCKM4 and UPMNS4 taking reference
from several works [17–20]. The CKM matrix in SM is a 3× 3 unitary matrix while in the
SM4 (this is the simplest extension of the SM, and retains all of its essential features: it
obeys all the SM symmetries and does not introduce any new ones), the UCKM4 matrix is
4× 4 which can be written as
UCKM4 =

V˜ud V˜us V˜ub ˜Vub′
V˜cd V˜cs V˜cb V˜cb′
V˜td V˜ts V˜tb V˜tb′
V˜t′d V˜t′s V˜t′b ˜Vt′b′
 .
Here all the elements of the matrix have their usual meanings except for b′ and t′.
Although the fourth generation quarks are too heavy to produce in LHC, but they may
affect the low energy measurements, such as the quark t′ would contribute to b → s and
b→ d transitions, while the quark b′ would contribute similarly to c→ u and t→ c.
Here, we use the Dighe-Kim (DK) parametrization defines [17–20].
V˜ud = 1− λ22 , V˜us = λ, V˜ub = Aλ3Ceιδub ,
˜Vub′ = pλ3e−ιδub′ , V˜cd = −λ, V˜cs = 1− λ22 ,
V˜cb = Aλ, V˜cb′ = qλ2e−ιδcb′ ,
V˜td = Aλ3(1− Ceιδub) + rλ4(qe−ιδcb′ − pe−ιδub′),
V˜ts = −Aλ2 − qrλ3e−ιδcb′ + A2 λ4(1 + r2Ceιδub), V˜tb = 1− r
2λ2
2 ,
V˜tb′ = rλ, V˜t′d = λ3(qeιδcb′) + Arλ4(1 + Ceιδub),
V˜t′s = qλ2e−ιδub′ + Arλ3 + λ4(−pe−ιδub′ + q2eιδcb′ + qr
2
2 eιδcb′),
V˜t′b = −rλ and ˜Vt′b′ = 1− r2λ22 ,
In the presence of the sterile neutrino νs, the flavor (να, α = e, µ, τ, s) and the mass eigen-
states (νi, i = 1, 2, 3, 4) are connected through a 4×4 unitary mixing matrix UPMNS4 , which
depends on six complex parameters (i.e. it contains 6 mixing angles, and 3 oscillation-
relevant CP-violating phases) [21]. In the case of one sterile neutrino, U is typically
parametrized by
U = R˜34R24R˜14R23R˜13R12.
3
Here the rotation matrices R, R˜ can be further parametrized as(for example R24 and
R˜34)
R24 =

1 0 0 0
0 1 0 0
0 C24 1 S24
0 −S24 0 C24
 ,
R˜34 =

1 0 0 0
0 1 0 0
0 0 C34 S34eιφ
0 0 −S34eιφ C34
 ,
where Cij ≡ cos θij, Sij ≡ sin θij and S˜ij ≡ Sije−ιφij and here, φij are the lepton Dirac
CP phases. These phases are generalised as φ, and being unconstrained we have used the
same range of spread for all [0 − 2pi] with flat distribution. Since, neutrinos are neutral
particles, they can be Majorana (with neutrinos and antineutrinos being the same particle),
or Dirac particles (with neutrinos and antineutrinos being different objects). Therefore, in
3+1 scenario, there are three more CP violating phases if neutrinos are Majorana particles.
As Majorana phases do not appear in the neutrino oscillation probability, they are not
measurable in the oscillation experiments.
3 Results and Discussion
A non-trivial correlation between CKM4 and PMNS4 mixing matrices is obtained by taking
into account the phase mismatch between quark and lepton sectors as ψ4, a diagonal matrix
ψ4 = diag(eιψi). In the UCKM4 matrix described by Dighe-Kim (DK) parametrization all
the elements of UCKM are unitary up to O(λ4).
The reference values for θ14, θ24 and θ34 are assumed to vary freely between (0 − pi/4).
The reason behind this specific limit (0 − pi/4) is that all the values obtained using our
reference experiments i.e. NoνA, MINOS, SuperK, and IceCube-DeepCore vary between
this similar range so instead of taking a specific value we have taken the whole range in
our model. After performing the Monte Carlo simulations we estimated the texture of the
correlation matrix (Vc4) for two different values of mt′ = 400GeV & 600GeV (where mt′ is
the mass of t′). We implemented the same matrix in our inverse equation and obtained the
constrained results for the sterile neutrino parameters. Thereby we have obtained predictions
for CP-Violating re-phasing invariant and θ24 and θ34, then compared our results with the
current experimental bounds are given by NoνA, MINOS, SuperK, and IceCube-DeepCore
experiments [22–26]. It has been found that the entire analysis is very less sensitive to
θ14, which is constrained to be small by reactor experiments [27]. Also in the QLC model
analysis the value obtained, is lesser as compared to the other two sets i.e. θ24 and θ34.
As we have divided our results into two parts i.e. for mt′ = 400GeV and mt′ = 600GeV .
The tables (1) and (2) below shows the comparison of upper limits obtained using model
with the four different experimental results.
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Parameters θPMNS424 θPMNS434
For mt′ = 400GeV 6.57◦ − 23.36◦ 1.53◦ − 31.59◦
For mt′ = 600GeV 6.87◦ − 23.15◦ 3.78◦ − 32.40◦
Parameters | Uµ4 |2 | Uτ4 |2
For mt′ = 400GeV 0.0003− 0.0300 0.00− 0.2031
For mt′ = 600GeV 0.0001− 0.0236 0.00− 0.1432
Table 1: The limits obtained on sterile mixing angles.
Experiment θPMNS424 θPMNS434 | Uµ4 |2 | Uτ4 |2
NoνA 20.8 31.2 0.126 0.268
MINOS 7.3 26.6 0.016 0.20
SuperK 11.7 25.1 0.041 0.18
IceCube-DeepCore 19.4 22.8 0.11 0.15
QLC Model θPMNS424 θPMNS434 | Uµ4 |2 | Uτ4 |2
QLC(400 GeV) 23.36 31.59 0.030 0.203
QLC(600 GeV) 23.15 32.40 0.024 0.143
Table 2: The upper limits of sterile mixing parameters obtained from model(QLC) and from NOνA,
MINOS, Super-Kamiokande and IceCube- DeepCore.
Using the same Monte Carlo procedure the absolute values of the CP re-phasing invariant
J and CP phase(Dirac Phase) obtained are as under
J = −0.055− 0.055
| J |= 0.001− 0.055
| J | (Best fit)= 0.021
φ = 224.64◦ − 279.85◦
φ (Best fit) = 267.62◦
One can see the above values predicted by the model are in very good agreement with
the experimental values. In this section, we have shown our results using various plots.
Figure 1: Histograms of Jarlskog re-phasing invariant (J) and Dirac CP phase (φ).
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In figure (1) we have shown two histograms for varying range of Jarlskog invariant J and
Dirac CP phase φ on left and right panels, respectively. In the left panel we have obtained
a bimodal histogram(histogram with two peaks). This implies that the range obtained for
J has two values that appears most often in the data. Here one can completely see that the
maximum number of J values lies near the values ∼ −0.022 and 0.024, which is precisely our
best fit values and is comparable to the recent particle data group value range [28]. While
in the histogram on the right panel, we have obtained a distribution which is skewed left. In
such plots, most of the data is clustered around the larger values and as we move towards
the smaller values the number of data goes on decreasing. So, we can clearly state from the
plot that the maximum number of values are gathered around φ = 267.62◦ which is our best
value and lies very close to the bounds given by global data analysis [28].
Figure 2: Contour plots showing the dependence of Jarlskog invariant J, θPMNS14 and θPMNS23 .
The contour plots (2) showing the correlation and the dependence of various J values
on the different value ranges of θPMNS14 and θPMNS23 . One can surely say that the maximum
density of the value range lies between the J = 0.025 − 0.035 for θPMNS14 = 0◦ − 45◦ and
θPMNS23 = 38.2◦−53.3◦. In these contour plots (2), the dotted lines in figure 2 (left) represents
the values obtained through our analysis which we have zoomed in figure 2 (right). The 3
grey contour lines shows the various θPMNS23 values obtained randomly for the varying range
of J and θPMNS14 .
Figure 3: Contour plots showing the dependence of Jarlskog invariant J, φ and neutrino mixing
parameters( θPMNS14 (Left) and θPMNS23 (Right)).
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In figure (3), we have shown the correlation between the different values of J, φ and
neutrino mixing parameters(θPMNS14 (Left) and θPMNS23 (Right)). In the plot the dark grey
lines represents the different values of θPMNS14 (Left) and θPMNS23 (Right) obtained randomly.
Figure 4: Probability density distribution of θPMNS24 for mt′ = 400GeV (Left) and mt′ =
600GeV (Right) [14].
Figure 5: Probability density distribution of θPMNS34 for mt′ = 400GeV (Left) and mt′ =
600GeV (Right) [14].
The results are divided varying upon the value mt′ = 400GeV & 600GeV . We obtain
histograms of the probability density functions for θPMNS24 and θPMNS34 for both 400GeV and
600GeV , respectively and show a comparison between the two. In figure (4) and (5), we
have compared our results for the upper values from NoνA experiment. Here the dashed
line is for θPMNS24 and θPMNS34 experimental the thick solid lines are the 3-σ upper and lower
values of θPMNS24 and θPMNS34 obtained using the QLC model. In figure (4), we have shown
this quite nicely the left panel of the figure is for θPMNS24 for mt′ = 400GeV , whereas the
right panel shows the θPMNS24 for mt′ = 600GeV and same is in figure (5) for varying range
of θPMNS34 .
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Figure 6: Correlation plot between J and θPMNS14 .
Figure 7: Correlation plot between J and θPMNS23 .
The plots in figure (6 and 7), we have shown the correlation between the Jarlskog
invariant J with θPMNS14 and θPMNS23 , respectively. Here, in these two also the dotted lines
in the figure in the left panel represents the values obtained through our analysis . In both
figures, the plots on right panel are the zoomed portion from the full range obtained through
QLC model calculations.
4 Conclusions
It is very hard to understand these type of relations in ordinary bottom-up approaches
where the quarks and leptons are treated separately with no specific connections between
them especially about its further extension in the fourth generation. One might ask or
question about the stability of the framework that we have used in order to carry out our
entire analysis which is the extension of SM in fourth generation. And one might argue that
the four generation scenarios are strongly disfavoured. This is true, unless a substantial
modification is realized for the scalar sector. However, such an extension of the Standard
Model (with massive neutrinos) is excluded by several authors, e.g. see references [29, 30].
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As such, during the starting period of the discovery of Higgs particle, data was not so
precise that the possibility of the fourth generation coupling to the Standard Model Higgs
doublet was not introduced in a different Beyond Standard Model(BSM) scenarios. But,
such options were ruled out as the LHC data develops gradually, which let many scenarios
to go beyond SM i.e. BSM. It has been noted that such fourth generation is hidden during
the single production of the Higgs Boson, while it shows up when one considers the double
Higgs production i.e. gg → hh which can be considered in a different framework of a two
Higgs doublet model (2HDM) [31–34]. This is the framework that we have taken to carry
out our analysis which is well favored by the work done and published in 2018 [35]. In that
work, they have shown that the current Higgs data does not eliminate the possibility of a
sequential fourth generation that gets the masses through the same Higgs mechanism as the
first three generations.
As far as the stability of the QLC relation is concerned, the kind of model relation
obtained with some flavor symmetry has been checked by the several works and concluded
that the stability under the RGE effects and the radiative corrections are small. We have
performed numerical simulations to investigate the sterile neutrino mixing angles and the
CP phase and re-phasing invariant. This might help to look forward the understanding of
QLC model in a better way. The expert eye and deep knowledge with some theoretical
ground can explain QLC relations precisely. We do require some strong models from the
Grand Unified Theories(GUT), which sometimes also unify quarks and leptons and provide
a framework to construct a proper theory in which QLC relation can be embedded in a
natural way.
The consequences of the model are the predictions for CP-Violating phase invariant J ,
Dirac phase φ and the sterile neutrino parameters. The results obtained numerically and
analytically this paper stood in a good agreement with the experimental data. Our analysis
would be very important in view of growing sterile neutrino experiments as well as the CP
Phase analysis.
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